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ABSTRACT

In this paper, we will present a new representation of a probability
density function on the three dimensional rotation group, S0(3), which
generalizes the exponential Fourier densities on the circle. As in the
circle case, this class of densities on SO(3) is also closed under the
operation of taking conditional distributions. Several simple multistage
estimation and detection models will be considered in this paper. The
closure property enables us to determine the sequential conditional den-
sities by recursively updating a finite and fixed number of coefficients.
It also enables us to express the likelihood ratio for signal detection
explicitly in terms of the conditional densities.

An error criterion, which is compatible with a Riemannian metric,
will be introduced and discussed in this paper. The optimal orientation
estimates with respect to this error criterion will be derived for a given
probability distribution, illustrating how the updated conditional densi-
ties can be used to sequentially determine the optimal estimates on SO(3).

This research was sponsored by the Air Force Office of Scientific Research,
Air Force Systems Command, USAF, Under Grant No., AFOSR-74-2671B.




L. Introduction

Rigid body rotations are involved in many important practical problems 1
of detection, estimation, and control. Some notable examples can be found
in gyroscopic analysis and satellite attitude determination and control.
While linearization and approximation techniques have led to many useful ;’
results, simple analytic tools which will enable us to analyze and synthe-
size the optimal structures have long been desired.

Optimal estimation and detection schemes for discrete-time processes
whose state space is a circle or sphere have been obtained in [1] and [2]
by using a novel representation for probability densities which has the
form exp f where f 1s a finite linear combination of functions which é
form a complete orthogonal system on the state space involved. In the case
of the circle, circular functions were used, while both spherical harmonics
and multiple trigonometric functions were employed for densities defined on
the sphere.

In this paper the same approach will be taken for discrete-time rotation-
al processes by introducing a similar exponential density referred to as a
rotational exponential Fourier density (REFD) defined on the group of rota-
tions of three-dimensional space, that is obtained by using a sequence of
irreducible unitary representations which form a complete orthogonal system
on S0(3). It can be shown that a continuous density function on S0(3)
can be approximated by such a REFD as closely as we wish in the space

of square integrable functioms.

As in the circle case, the class of REFD's of a certain finite order is

closed under the operation of taking conditional distributions as a consequence

of the group structure of SO(3). We note that there does not exist such a
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closure property in the sphere case [2] and a combined usage of two kinds of

exponential densities is required to treat analogous estimation and detection
problems on the sphere. It will become clear in the sequel that it is exactly
this closure property of REFD's that yields simple estimation and detection
schemes which update the sequential conditional densities by recursively
revising a finite and fixed number of parameters.

One drawback of REFD's is that there is no known closure property of
convolution, which places a restriction on the type of rotational signal
processes that can be considered for the above approach. More specifically,
the rotational signal process considered in this paper disallows random driving
terms. Given two orientations of a rigid body which are represented by two
points on SO(3), the minimal angle in radians required to bring one into the
other is a Riemannian metric on SO(3) and is a natural measure of the distance
between them.

An error criterion for orientation estimation, which is compatible with
this measure of distance will be introduced in this paper. It is compatible in
the sense that it is an increasing function of this Riemannian metric. Various
descriptions and properties of this criterion will be discussed. The optimal
orientation estimate and its estimation error with respect to this error
criterion will be derived for a given probability distribution, thereby
illustrating how the updated conditional densities can be used to sequentially
determine the optimal estimates of the rigid body orientatioms.

It should be mentioned that estimation for continuous-time directional

processes on SO(3) has been considezred in [9] and [10].
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II. Preliminaries and Rotational Exponential Fourier Densities

A rotation of three-dimensional Euclidean space about a fixed point can

be described analytically as a linear transformation of the space that
et preserves distances, leaving the origin unchanged, which can be represented

by an orthogonal matrix. In this paper we will be concerned with the group

Lo ik

of rotations, denoted by S0(3), that consists of those rotations whose matrix
representation has determinant equal to +1; that is, we are excluding those
rotations that consist of a rotation followed by a reflection. There are

several different ways of parametrizing SO0(3) such as by Euler angles, unit

quaternions, direction cosines, and Cayley-Klein parameters which are all

discussed in [3]. While we will have occasion to refer to all of these methods,
it will be customary to parametrize any rotation R belonging to SO(3) by
a triple of Euler angles (¢,6,y) which determine the rotation according to

the following sequence of rotations [4, p.107]:

(1) a rotation through the angle ¢,0 < ¢ < 2m , about the z-axis,
(ii) a rotation through the angle 6,0 € 6 < m , about the new x-axis,
(iii) a rotation through the angle Y,0 € ¥ < 2m , about the new z-axis.

These rotations are illustrated in Figure 1, with ;} ;; z being the final

position of the three coordinate axes.
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An orthogonal matrix R that corresponds to this rotation can be obtained
as the product of the three matrices corresponding to the rotatioms (i), (ii),

(111): R = Z($)X(8)Z(y) where

cosd - sind O 1 0 0
7(¢) = | sin ¢ cos ¢ O X(0) = 0 cos 9 - sin 6
0 0 1 0 s8in 6 cos 6
1
so that
[ - 1
cos ¢ cos Y - cos ¢ sin sin ¢ sin O 3
- sin ¢ cos 6 sin ¥ - sin ¢ cos Y cos 6 i
R= |sin ¢ cos ¥ - sin ¢ sin Y - cos ¢ sin 6
+ cos ¢ sin Y cos 6 + cos ¢ cos Y cos 6
sin Y sin 6 cos Y sin O cos 0 1

We note that each element of SO(3) can be parametrized by some triple of
Euler angles; however, when 6 = 0 or m this parametrization is not
unique.

To obtain useful special functions that are defined on SO(3) we shall ;
consider the matrix elements of a sequence of group representations of SO(3).
It should be recalled that a group representation, which is described in
detail in [5] - [7] can be thought of as simply a group of matrices to which
the group SO(3) is homomorphic. In particular, we will use the sequence of
finite-dimensional unitary representations {DQ(¢,9,W), 2 =0,1,...} attri-

buted to E. P. Vigner whose components are described in [6, p.144] by:

@) Y (4,0,9) , = 1" e et (o)W
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b |
b

(cos 6 - l)z*m(1+coa O)Q-m -

1
2 sin™ 79 (1+cos 0)™ [(fb-n)!]/Z d£+n
" 24n

(3) a°__(9
s 2% (2m) 1 (2em) 1] '] d(cos 0
where m and n are integers such that - £ €« myn € & .
0
It is proved in [7, pp.233-284] that the functions D"(R)mn 4 D2(¢,6,¢)mn
form a complete orthogonal system in the space of square integrable functions

f(0,0,9) , 00O <m, 0<X ¢, < 2m , with respect to the inher product

1 2T T 2T
<f1,£,> = g0z Jo Io fo £,(9,6,¥) £,(4,0,0) sinBdpdody .

The completeness of this system in the Hilbert space of square integrable

f unctions defined on the rotation group is analogous to that of the circular

functions on the circle, S1 , and, also, that of the spherical harmonics on the

sphere, S2 .

We now define a rotational exponential Fourier density of order N to be

denoted by REFD(N) as a probability density defined on SO(3) of the form

(4) p(R) = p($,6,y¥) =exp £(¢,06,¥)
N L
{ g |
£(9,6,0) = ) Y} a’ D"(¢,8,¥)
2=0 m,n=-% g o

where ago is a normalizing constant and all other coefficients aﬁn are
arbitrary complex numbers. In addition to the completeness property, another
reason for our choosing this class of special functions is that for continuous

densities we have the following approximation theorem, which is a generalization

of Theorem 1 in [1].
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Theorem 1. Let p be a probability density on SO(3). Assume that p is

S o LR S e

* continuous. Then for any given positive number € , there exists an REFD,

st

i) gl

N L
SOUUIEE IV ;.“mnlw.e,w)m , such that ||p - pyl| € ¢ .
= m,n:—

Proof. Assume that
inf{p(x) : xe€ sS0(3)} =c>0.

This assumption can be removed in exactly the same way as in the proof of

Theorem 1 of [1]. We note that £(x) =fn p(x) is now well defined and also ;

; continuous on SO0(3).

’ Since SO(3) is compact, in view of the Peter-Weyl Theorem [6, p.99], for

g; any O ; § <1, there is a linear combination of Din , say i
fi . fs = 3R § aﬁn(G)Din » such that ||f5 - f||_, <€ . It follows that g
d 2=0 m,n=-%

‘ g, <1+ J1E]], = M.

Define a function g : Rl -+ Rl by

exp x , XxX&M
g(x) = { }
exp M, x3 M
and an operator G on the set of real functions on SO(3) by (Gu)(x) = g(u(x)) .
It is obvious that g satisfies the Carethéodory conditions [14, p.20] and
G transforms every function in L2(SO(3)) into a function in L2(SO(3)).
By Theorem 2.1 of [14, p.2Z], the operator G is continuous. Hence
" given any € > 0 , there exists a § > 0 such that if Hf1 - f|| €9

then Ilel - Gfll < € . We choose f1 =f5 . Then ||exp fG- pll =

||Gf‘S - Gf|| < € . This completes the proof.
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Remark. We note that f6 is not necessarily the N(§)~th. order partial sum

SN(G)f of the Fourier expansion of f . Thus in contrast to Theorem 1

of [1], it is not necessarily true that &im||exp skf - pl| = 0, which is
koo

very useful in determining Py in the statement of Theorem 1., Such a
deficiency can be removed, if we require p to be twice continuously
differentiable. This extra requirement ensures that np for p > 0 ,
may be expanded in an absolutely and uniformly convergent Fourier series in
terms of the rotational harmonics, Din [15, p.513]. Thus the Peter-Weyl
Theorenp is not needed for uniform approximation of a continuous function.
A remark is in order about (4). From our choice of Euler angle para-
metrization, it is easily seen that if the range of permissible values of
$,6,) is ignored, then a rotation Rl with Euler angles (¢+m, - 6,y+m)
would be equivalent to the rotation R with Euler angles (¢,0,y) in the
sense that the final positions of the coordinate axes would be identical.
Consequently, it is advantageous to extend the definition of the function

D2(¢,6,w)mn so that we have the property
1
(5) p(R) = p(R")

and so that we can lift our restrictions on 0, ¢, and Y, except 6 # 0 ,
First we extend the definition of dﬁn(e) to include all values of 6 such

that 0 < |[6| < 7 by defining
L mtn L
& l6) = 1) (8], ~TmeH <0,

Using (2) we see that (5) holds. For the situation where 6 = 0 , it is
shown in [6, p.l114] that

(90,0 = Vs q

5=




thus, since ¢ + 1 1is the fixed amount of rotation about the z-axis even
though each angle is not uniquely determined, we are assured that for any
choice of Euler angles representing this rotation as well as any other
rotation R the density (4) is well-defined.

Before proceeding to consider an estimation problem on S0(3), we
enumerate some properties of the functions Dz(R)mn and dﬁn(e) which will

be employed in Sections IV and V:
2 &y g
(6) B Bl S_Z_QD (Ry)pg? Ry
for any rotations Rl and Rz belonging to SO(3), [7, p.281];

% n-m_ % L .
7) d 0 = (-1) d-m,-n(e) - d—n,—m(e) » [6, p.157];

L9 LI Y L

) ' : i
@  p'® ' @ .. = ™) ) ak @)™
L nn' M/\nn'w/ MN
where M= -m-m' and N=-n-n"'", [6, p.157]. The summation is over all

L for which |[2-2'| € L < £ + &' and for which the 3-j coefficients of

2 0L PIST IR |
and
mm' 1 nn'N 5

exist; these coefficients are defined in [6, p.120] by

Wigner,

i
(j x 1) - (_1)2.1—k+n [(_1+k—2,)l(k+2-j)!(2+1-lc)!(2+1))!(2,-£)!] /2
(J+k+2+1) ! (J4m) ! (3=-m) ! (k+n) ! (k-n)!

mnp

Z (_1)t (24+3-n-t) ! (k+n+t)!
> (4p-t) ! (t+k=j-p) 1! (R-k+]-t)!
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where the summation is over all integers such that the arguments of all

factorials are nonnegative.

III. An Error Criterion and Optimal Estimates on SO0(3).

In order to define an error criterion for orientation estimation, it
is necessary to have a measure of the distance between two orientations.
We will first describe such a measure, using quaternions [11]. We recall
that a rotation about an axis in the direction of a unit vector [£,m,n]'

through an angle ¢ is represented by the (unit) quaternion

= t -9 1 9. _?_ 2 L}
q [quqz,q3,qA] = [cos 20 fsin 23 msin 2 nsin 2]

Given two orientations, the minimal angle in radians required to bring
one into the other is a natural measure of distance between them and defines
a Riemannian metric on SO(3). If the orientations are represented by the
quaternions, q and p , and the minimal angle is denoted by p(q,p) ,
then we have q'p = cos %-p(q,p) o As %{1 - cos p) 1is a monotone increasing
function of p , a measure of distance between p and q can be defined
to be %{1 - cos p(q,p)) =1 -~ (q'p)2 . It can be shown that if the
orientations, q and p , are described by the 3x3-dimensional orthogonal
matrices, Q and P , then this measure of distance can also be expressed
as -};(3 - tr PQ') .

We are now ready to define the error criterion for orientation estimation.
Let q be a random quaternion and p its estimate. Then a measure of the

estimation error is

9) J(q,p) = EQ1 - (q'p)z) .

- 0 =
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If the probability distribution of q 1is given, the estimate p which

~
minimizes J may be obtained from observing that
J(g,p) =1 - p' E(qq")p .

; It is well-known [12, p.142] that the quadratic form p'Vp of the positive
definite matrix V = E(qq') is maximized when p 1is the unit eigenvector
associated with the largest eigenvalue X of V . lMoreover, the maximum value
is A . lence,

i min J(q,p) = 1 - §"E(qq")q

p
=1-2A
where A = the maximum eigenvalue of E(qq')
: 5 q = the unit eigenvector of E(qq')
E ) associated with A .
U » The probability distributions on SO(3) are expressed in terms of the

Euler angles (¢,0,y) in this paper. The following relationships [10, p.380]
between the quaternion components and the Euler angles will have to be used

to calculate the optimal estimate § and its estimation error 1 - A :

q, = cos %-cos Q%Q
(10) q, = sin % cos Q%Q
qq = cin %-sin ng
q, = cos %-sin Q%E

Once vector q 1is determined we can immediately determine the Euler angles

-

(®,@,@) for the optimal orientation estimate from the relations:

- 1] -
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cosO = 2(_q1 +q, ) -1, 0B
a 1 A A AN 2 - .]; - a
(11) sin¢ =X (Q3ql + QZQ4) s cosd = A (alaz a3q4)
-~ l ~ ~ o A
siny = A (q?.al‘ b} ﬁ1q3) ’ cosy = % (alqz + 3334)

N A2
(@,744,7) @, +457)
which are the inverse of the above set of relationships (10).

IV. Estimation for Rotational Processes with Rotational Noise.

Suppose s 1s a rotation of a rigid body with Euler angles (¢,6,})
and v is a second rotation with Euler angles (e,n,S§) . We can obtain

a product rotation m with Euler angles (¢,8,)) by the successive rotation

of the rigid body by s and then v . We denote this product by

(12) 0($,8,9) = v(€,n,8) * 8(0,6,0) .

Our reason for writing v to the left of s 1is to be consistent with the
matrix equation resulting by the use of the orthogonal matrix representation
where the matrix S representing s 1is pre-multiplied by the matrix V
representing v to obtain M = VS,

Performing the indicated multiplication when each matrix has the form (1)
and equating respective elements, we may obtain nine relationships among the
Euler angles of m, v, and s, which uniquely determine (5,8,&) in terms of
(e,n,8) and (¢,0,¥) . The relationships are very cumbersome and thus will
not be displayed here.

We now consider a rotational signal process which is a sequence of rotations

{sk}:;o defined on S0(3) whose terms are related by the equation

-] =
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where Vi is a deterministic rotation whose Euler angles are known. Let

{mk}°° and {v,}" be sequences of rotation on SO(3) that constitute a
k=1 K w1
measurement process and a measurement noise process, respectively, such that

(14) L

The first estimation problem to be solved can now be stated as being that

of finding the optimal estimate of 8y given the set of measurements
i & {ml,...,mk} k= 1.2 ..

using the error criterion (9). From our results in Section III we recognize
the fact that in order to determine the optimal estimate which involves

conditional expectations, it is crucial to be able to produce the conditional

density p(aklmk) , which we note can be calculated, by Bayes rule from
k k-1
1s) p(s, [m) = Cpmy|s)p(sy [m™)

where Ck is a normalizing constant.
It will now be demonstrated that REFD's introduced in Section II are
ideal ones to use in computing this conditional density. Suppose 50 and
{vk} have REFD(N) (if they have different orders, we can let N be the maximum
order and by inserting zero coefficients make all densities of order N) which

are described, respectively, by

(16) p(s,) = exp g % 820 DR(S )
0 4=0 n,ne=t, mn 0‘mn
N £
Lk L.
a7 p(v) =expl J b D(w)

2=0 m,n=-% O

-ll -




Let us further assume that the conditional density p(s l|m ) is a
REFD(N), denoted by
N L

(18) p(s m ) = exp
el zzo m,£=-2 mo

L,k=1 & o

Under these assumptions we will show that p(sk|mk) is also a REFD(N)

and at the same time exhibit a recursive formula for the Fourier coefficients
1k
a 5

mn
From (13) and (14) and the group property of SO(3), Vi and S-1 ¢an

be expressed as

-1
vk = mk ° Sy and sk._1 = Wk-l ° 8

so that, using (18), p(Sklmk—l) is a REFD:

N
2
P ™) = e T el oteil) - s,
2=0 m,n=-2
N L
(19) e z Z a:nk_l Z D ( V- l)ms Dl(sk)sn
2=0 m,n=-2%

N L L
2 k-1 2
exp D (s 3

o m,g ) [j-zl in = 5“]

for the second equality, property (6) was used while the third equality is
obtained by a change in summation indices.

Likewise, the conditional density p(mklsk) is a REFD:

L
p(my [8y) = exp Z ) b!'k D*(m, o 8 )

2,'0 m,n=-)

N [} L l ik
(20) = exp [Z DR‘( ) ]Dﬂ,(s )

220 m, nz-g J==2 jn ™’ 3 k ‘mn

N L

_qymtn 2k L J 2
exp’zz0 m’g‘-z [( 1) j.ngi.-m D (mk)j,- D (sk)m f

- -
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the last equality results from a change of summation indices and the fact that
if Sic has Euler angles (¢,9,)) then 8;1 has Euler angles (m-y,0,m-¢)
so that, using (2) and (7) ,
D ) = {8 n( )m+neimwdl (B)ein¢
(sk =

- (p™RRANGL gyt

2
- 0™t |

Substituting (19) and (20) into (15), we obtain the REFD

L
L,k-1 l -1
p(s, 1) = €, ngo = n=-2,[ 2 { ®e_ 1) i
+ O™ ot }]n (8

Thus p(sklmk) is a REFD(N) whenever p(sk_llmKQI) is a REFD(N)

but since

P(s ‘mo) P(So)

is itself a REFD(N) by induction we have proved the following:

Taeorem 2. If {sk} is a sequence of random rotations on S0(3) where

8 =W oS8

k+1 k k

for some sequence of deterministic rotations and m is the corresponding

measurement sequence where each S has been corrupted by a noise rotation Vi

such that

B G o R ol i et s W 3 LBl e i i o Ll
i .
'

e = Vi ° Sk

- 15 =




then if s, and {v; .} haye REFD's given by (16) and (17), respectively,
then, for k =1,2,..., the conditional density p(sk|mk) is a REFD(N)

of the form

N L2
p(sk|mk) = expzzo l a:;: D’l(sk)mn
=0 m,n=-%

where the coefficients a:: are determined recursively by the formulas

g
2k _ L,k~1 &, -1 % -2 # :
e = 3.22{31“ DOy )yn t CDTT D), b, 280, k= 1,23,

and agg is a normalizing constant.

This theorem enables us to calculate the sequential conditional densities
by updating recursively a finite and fixed number of parameters. Using the é
conditional density p(sk|mk) at time k , the optimal estimate of the
orientation can be determined as suggested at the end of Section III. Namely
we first compute the conditional covariance matrix E(q(k)q'(k)Jmk) where
q(k) 1is the quaternion for sk whose components expressed in terms of the
Euler angles are given by (10). Then we use some standard numerical method 3
such as the power method [13, pp.147-150] to compute the largest eigenvalue
A(k) and the associated unit eigenvector a(k|k) . The Euler angles of the

optimal estimate may then be determined from §(k|k) through (11). The

estimation error is 1 - A(k) .

Ve Estimation for Rotational Processes with Additive White Gaussian Noise.

A second model for which the estimation problem can be solved using REFD's

is described by the eqguations

(22) Illk = h(sk) + Vk

- 16 -




where {ak} is again a sequence of random rotations belonging to $S0(3) and
{Hk} is now a sequence of p-dimensional vectors of observed outputs of the
signal process, h is a vector-valued function defined on SO(3) that is

square-integrable, and {vk} is a sequence of p-dimensional independent

Gaussian vectors, each with zero mean value and covariance matrix

- L}
Ry = Ely %)
The completeness property of the functions {Dy’m} assures us that, for

any € > 0 and for each component hj of function h , there exists an

integer M, and coefficients h:;i such that

3
M) - l;j % B 2oyl 8 5 1= Lk B
2=0 m,n=-f ™ mn’ 2 : i

Let M = n!x Hj and denote by hM(S) the p-dimensional vector whose components

are h'zl(!) where

wooa
3 23 p %
@8) = h’> D (8)
" 9,20 m,§1=-9, o s
s

hmn’ L w066 el -2 <mn <€ &

(P
hg‘j = j
mn

0 , otherwise

Each noise vector has density
- (2m)P/2 -V 1 13 1
P(vk) (2m) (det F‘() Zexp {- 2, ,gnlﬁ‘ Vi vljc}

where R, has components lﬂ‘j and Y has components vl:‘ so if we replace

(22) by i
17 -




then

Py [5) = @m P/ 2det By

e Sal R

LR

s 2=0 m,n=-%

M 2
wid = 7 ¥ “D(s)]}
[mk =0 m,n=-% k
(23)
L
= (2m) pn(det: ) /Zex {C + Cg’ DR'(B )
Rk i 220 n, tzz=—2 o k'mn
M [ L'

+

z,zz.'=o m,xz1=—2. m' ,n2~=—1?.l

C“" (m,n,m',n"' )Dz(sk)mnz (sk)m'n'}

where
e i3 1 3
) ) Ry mp
J=l
A | E 1303 3 1 21
Cmn—zi._Rk[mk R
»j=1
28! B ®Y won e ij, 24 . 2']
¢ (myn,m'n 21 j§=1Rk hmn hm'n'
But properties (7) and (8) imply that

Z h*n(sk)

)

4L
L A 3 N-M (2 2' LYf2 2' L\ .L
(24) D (sk)mn (sk)mlnl ' T=‘§-2'|(2L+1) (_1) (m m| M)(n n' N) D (sk)_m._N

so that the expresion given in (23) is a REFD(2M).

Now, if p(s

k_
-1l ™

is a REFD(N, , ,) then by (15) p(s-ﬂ'mk) is a REFD(max{2M, N 1}) s S0 1T &
has a REFD(N) given by (16) then p(s

with a finite number of recursive formulae existing for the coefficients.

-l -

1

lm ) 1s a REFD(Max{2M,N}) for any k ,
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These formulas will not be enumerated here since they are tedious to list for

an arbitrary integer M .
e exemplify this procedure for p = 3 where the vector-function J

h has a very simple form so that the computations are not unduly ¢umbersome:

cos Bk

h(sk) = cos ¢k sin ek
cos wk sin ek
the components being three of the direction cosines of the matrix representation

of s, of the form (1).

Let us assume that {Vk} is a vector Gaussian process with each term
vy having zero mean and 3 x 3 covariance matrix Ry » and that ) has the

REFD(N) (16). Now

3 1
p(m) %) = (21772 (et R exp - 2im - h(s)]" RyIm - h(s,)] .

Using (2), (3), and (8) in the following calculations, we first write h(sk)

in the form

B ]

1
D (s,,)
<00

s = | Eotep +nl<ak)1 ]

V2 10 ,0

30 | 1

=[D7(s;) +D7(s,) ]
3 Sk01 kO,-ld

-

so that




ko [m ~h(s,)]'R [m -h(s)] = [m-D' (8,001 R 420m-D" (5,) ) [mic- éml(sk)m
+ D)y 0 IR 42w’ (5, o] [m- ),% CHCRIL RCR I oy

2. dnd 1 2822912~ 10l i
+ [mk-JE(D (Sk)10+D (sk)—l,o)] Rk +2[mk-)%(D (Sk)10+D (8k)-1,0)]

3 1,1 1 2% . 8 4.3 1 2 33 |
. [mk_‘é(p (8,)07*D (sk)o,-lmk +[mk-/-2;(D (8,09 *D (sk)o,-l)] R

3 o131 2 5.1
= -
3 e jzlmk*‘k D

3
1 32,1
(adoy™ 72 1 jglmkkk (e 10

3 3
- ijflm,{pgznl 1,0 77 4 Lo )y - /7 L alidiee

+ 3 R (s o420 (sk)oo]*g/% 1 B2 (e #0% (e o]

7, 13,2 2 22, 1 .2 1,.2
+}/’—3’ 1R TID(8 ) 34D (80 1-Ry [/ED (81 50% 3107 (59

0 1.2 1.23,.2 1 1
5L (’k)oo]*/'—' D7(8,) 5 0)= 3 R [D7 (8011707 (8) 4D (5D

6

4% (81, ,—1+D1(sk)-1 ,1“’2 (8,01, el ,-1‘1’1 (8)_1,]
33, 12 3 . 0 1.2
R L It 5 W e ™ et . T g, )

Assuming that

N L
) =exp ) :

£=0 m,n=-4

k-1

P(sk_llm al Jk=1 _2

w0 Ny
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ﬂ ' T T P g ™ FOTIT
and using (15) and (19) we obtain
-
K ) ’f )
p(s'm)=exp as” Di(s:)
kl 2=0 m,n=-L e K'an

where agg is a normalizing constant,

1k i lkll
.2100=—2j 3 j+z

e 150 »

ft 100

1
alk=-/—iZijn Z lk]'Dl(wl) , m+n|=1, m=0;

| mn j=l k k j_ =1 jn bl jm
& !
. TR Y RRS %
Al =g Rk j=-1 ajn D (wlrl)jm £ |m| =1
2
,} RN SR T 2akl 2
\ (25) Hgp * s, B E J_zz 50 DGy 1)30
‘ Bl e J25k-12
=-= D =0, |wn| =2
el R

o S8 Unl,2),36nl,2) |

B, g Dikei 2,k=1 .2
a =}/—;-1Rk +amr’1 +j22a D(k—l)j ,m =0,

8 Cm|,1) 48 CIn],1) :

|m+n| =1, p
NSRS B TR B
am---EIH‘ +j--2jn D(.k-l)jm’lml-l’lml+|n'-2
azk = % i D'q'( ) otherwise
mm 3--23 Yi-17 jm j

[We have used the symbol &(a,b) to denote the number 1 when a=b and 0

otherwise]. Now optimal estimates can be obtained exactly as in the last section.
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VI. Detection for Rotational Processes

In this section we consider the detection problem of determining the
presence or absence of a rotational signal process using each of the measure-
ment processes given in the past two sections. It will be shown that the
likelihood ratio of the presence to the absence of the signal can be
efficiently ascertained when REFD's are utilized.

Let us first refer to the rotational signal and measurement processes
{sk} and {mk} described by (13) and (14) where so and {vk} have REFD's
given by (16) and (17) which are independent processes. We now consider the
following hypotheses that the signal rotation Sy is present and absent

respectively:

The likelihood ratio that we want to compute is given by

£ & P(“‘klﬁl)
ST
p(m IHO)

Since {Sk} and {vk} are independent, we have

p(|H) = Elp@| Hy, s\K)]
Sl S RS iy
Efjflexpzzo m,xza--zb“‘“ e W B

while
N 2

o) & T g 7Y oMoty
V' sei  ge0ggmeeg ™ JW
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so that

k L

N
k . 23 b -1 %
L(m) = E[exp b [D'(m, o s,) - D"(m,) ]
j-zrl zZo m,1§=-2 aciie I 3w
k
= E[exp ) W(sj,j,ma)]
I=1
where
N L
: X 8y -1,
(26) W(sy,3,m) = QZO m,§1=-2, b (D (my o 87 - D) ]

We now state a lemma whose proof is identical to that of a corresponding lemma

proved in [1, pp.l4-15] with the circular function replaced with the functions

2
D (s)mn:

Lemma 1. Let {s,} be a random signal process on S0(3) and {vk} a white

noise process on S0(3) which is independent of {sk} , having the rotational

exponential Fourier density (23). Let

T = {tl,...,tq}

T' = {ti,ou-,t&'}

ST ™ {Stl,ooo,st }
q

where q,q',ti, and ti are positive integers. If the measurement process is

described by m = Vyo Sy then the conditional joint probability density is

E[exp H(1,k) IS ySnylp(S, 1S "
k 571 IP(Sp 15¢
p(Sp|m",S00) = Elexp H(L,K) S

Tl]
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k

> j=1 .

k

i=1

\ z j=1

j=1

LG )

PUm—
| ]

0

and Q(mk) e L p(sklmk_l)exp W(sk,k,q(_)

The integral QGJQ) can be evaluated in the following form which is

where H(1,k) = ) W(s,i,m) and (s, 3m,

)

We can now obtain a recursive formula for

k-1
JZE[EXP z W(S‘ 53 j)]p(sklm

is given by (26).

L(mk) by using the smoothing

property of a conditional expectation and Lemma 1:

k
L(m) = JZE[exp z w(sj,j,mj)|sk ]p(sk)dsk

k-1
- J E[exp z W(sj,j,mj)lskjexp W(sk,k,mk)P(sk)dsk

)exp w(Sk ,k—,mk)dsk

Wy

obtained with the assistance of (19), (26) and (6):

%

X It
Q(m ) = J exp [wes 9 ‘9 B Z Z
- "k 2=0 m,n=-%

N2
-Jepo ) Z{ZleJL(kl)

5 2=0 m,n=-4 j=-%

l k-1 2
D(,klosk)

mn

Lk L L,.~1 L
DanlP (M) D (8 Jyq = D (m )
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]}dsk

k- k
E[lexp H(1,k-1)] J p(sklm 1exp w(sk}k,m,)dsk
o)

& 2w ¢m o 2m
where J : £, )ds) = J J J £(9 58 Y )sin 6, d¢, d6, di
0 0 e '

(S)

mn]dsk

o




e b oo
4

—

where C

Let us now study the detection problem that results from using the
signal process discussed in Section V described by (21) and (22).

Suppose we have the hypotheses
Hl Pomy
V.

HO Pomy Kk

BCo Ny

Using (23) it is found that the likelihood ratio is

L(mk) = E[exp H(1,k)]

k
H(1,k) = } W(s,,j,m,)
§=1 h| h|
M 2 M 2 R
LAl 2e"
W(s.,j,m,) = € D(s) ..+ z y Z ¢”” (m,n,m",n")
J J 220 m,§=_g Tk 3'mn g 9'=0 m,n=0 m',n"=0
2 L'
XD (Sj)mnD (Sj)m'n'
Lo a R SR
Cm = 2 4 E_ Ml e T hmn]
’j_l
sz'(m,n,m ,a') = - %’ g R;j hﬁi hi:i'
i,j=1 '

An argument identical to that used in the previous detection problem

yields

= 25




LX) = J Efexp H(1,k)| g Ip(s; )ds
L

= L(mk'l) J p(sklmk_l)exp W(sk,k.,mk.)dsk
by

L LygwS

Since it has been shown in the last section that the conditional density

p(sk]mk_l) is a rotational exponential Fourier density of the form

N 2
2k L
exp ) o} arpE)
2=0 m,n=-2 mn k ‘mn

where the coefficients can be computed recursively, we can write the integral
k
Q(m ) in the form

M 2 ]
Q(mk')=Jexp ¥ i C'  D'(s, )

5 G0 m ey 72 kER

M 2 0!
8" 2 %
+ C y " "D
R,%'=0 m,tzl=-9, m',rzu'=..}2, ke Gy Ia® (Sk.)m'n'

o f 9k
a
2=0 m,n=-¢ "%

2
-+ D (Sk)mn @k 7

k
Consequently, Q(m ) is of the form

P £
(A3
J i z & mn Dl(sk.)mn dsk

Lk Lk
where P = max{N,2} and the coefficients Qo which are functions of am °
{1 L
Con * hm:; s R, and w, are obtained using (24). Hence the computational

k
scheme for the likelihood ratio L(m') is finite dimensional. Rather than
attempting to exhibit the formulas in the general case we will produce them for

the simple example at the end of Section V where
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s '\‘\__:‘

cos Ok
h(sk) = cos ¢k sin 6k
cos wk sin Ok

and { Vk} is the Gaussian with zero mean and covariance matrix Ry .
Since it was shown that the conditional density p(sk[ mk) can be

written as

N L
p(sklmk) = exp ) ) aﬁh Dz(sk)mn
2=0 m,n=-%

with the coefficients given by (25), it is easily verified that the likelihood

ratio is
L(mk) = E[exp H(1,Kk)]
k
H(1,k) = Z W(s,,i,m,)
i | 3
N}
N 2 3
: N 1 st st
W(s,,j,m.) = D - RS nf
(Sj J’mJ) Q,ZQ m,[}{=_gamn (Sj_)“‘n 25,§=1 s
and
Q(mk) - explaly + 0,1 1 % St S m'}
plagg * 200 -2 _£,"k "k "k
’

N 2

Lk L
X exp Z z ¢ D (s, ) ds
IZ fe1 m,n=-% mn k‘mn "k

8
S e kel

L
mn mn =2 jn -y (wk~1)

jm

s




VII. Conclusions
In this paper we have formulated and solved estimation and detection

problems for discrete-time processes that arise on SO0(3). The signal

-

process s,. is assumed to be obtained from s, by a concatenation

k+l k

which is the succegsive rotations sk and wk where the latter is a known

rotation, while two types of measurement processes have been used: (i)

the observation m is the concatenation of Sy and a noise rotation Vi s

and (ii) the observation o is a smooth function of 8y corrupted by
additive white noise.

An error criterion which differs from a least squares criterion such

(

as appears in [8]and [9] has been presented together with the resulting
a9 optimal estimates. In addition a new density function, the rotational
‘ exponential Fourier density has been introduced which can be used to approxi-

mate probability densities on SO(3) that are continuous.

Since this class of density functions is closed under the operation of

taking conditional densities, we have been able to obtain recursive schemes

for optimal estimation and detection for a rather large class of problems.
However recursive schemes for the analogous problem when the driving term
wy is a stochastic process have not been resolved since these densities do
not have the property of being closed under convolution. Perhaps a different
F ; representation for densities on SO(3) or a different model of the signal process
can be found that will yield a recursive solution to this problem.

It is believed that the procedures of this paper can be extended to SO(n)
for n > 3 by using the appropriate special functions defined on SO(n) that

are analogous to the functions Din on S0(3).
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